





















Coulomb Blokade in Graphene Nanodisks
Motohiko Ezawa
Department of Applied Physis, University of Tokyo, Hongo 7-3-1, 113-8656, Japan
Graphene nanodisk is a graphene derivative with a losed edge. The trigonal zigzag nanodisk
with size N has N-fold degenerated zero-energy states. We investigate eletron-eletron interation
eets in the zero-energy setor. We expliitely derive the diret and exhange interations, whih
are found to have no SU(N) symmetry. Then, regarding a nanodisk as a quantum dot with an
internal degree of freedom, we analyze the nanodisk-lead system onsisting of a nanodisk and two
leads. Employing the standard Green funtion method, we reveal novel Coulomb blokade eets in
the system. The oupation number in the nanodisk exhibits a peuliar series of plateaux and dips,
reeting a peuliar struture of energy spetrum of nanodisk without SU(N) symmetry. Dips are
argued to emerge due to a Coulomb orrelation eet.
I. INTRODUCTION
Graphene-related materials has opened a new exit-






trated muh attention due to a rih variety of band
gaps, from metals to wide-gap semiondutors. Another
lass of graphene derivatives are graphene nanodisks.
14,15
They are nanometer-sale disk-like materials whih
have losed edges. Graphene nanodisks an be on-
struted by onneting several benzenes, some of whih
have already been manufatured by soft-landing mass
spetrometry.
10,18,19
Nanodisks as well as nanoribbons
would be promising andidates of future eletroni
nanodevies.
14
There are varieties of nanodisks, among whih trig-
onal zigzag nanodisks are prominent in their eletroni
property beause there exist half-lled zero-energy states.
This novel property was revealed rst based on tight-
binding model
15
and onrmed subsequently by rst-
priniple alulations.
16,17
We introdue the size param-
eter N for trigonal zigzag nanodisks as illustrated in
Fig.1(a). Then, there exists N -fold degenerated zero-
energy states in the trigonal zigzag nanodisk with size
N . We have already argued15 that spins make a ferro-
magneti order and that the relaxation time is quite large
even if the size N is very small.
In this paper we make an investigation of eletron-
eletron interation eets in the zero-energy setor of
the graphene nanodisk onsisting of N states. We de-
rive expliitly the diret and exhange interations, where
there is no SU(N) symmetry. We estimate the spin sti-
ness. It is found to be as large as a few hundred meV,
whih means that a nonodisk is indeed a rigid ferromag-
net. Then we analyze the nanodisk-lead system based on
the standard Green funtion method, where a nanodisk is
onneted to right and left leads [Fig.1(b)℄. The analysis
an be arried out quite in the same way as in onven-
tional quantum dots. The present system turns out to
be akin to a single dot system with an internal degree of
freedom. We nd a series of Coulomb blokade peaks in
the ondutane as a funtion of the hemial potential.
Furthermore, the oupation number in the nanodisk ex-
hibits a peuliar series of plateaux and dips, reeting
a peuliar struture of energy spetrum without SU(N)
symmetry.
This paper is organized as follows. In Se. II, we sum-
marize the basi nature of trigonal zigzag nanodisks. In
Se. III, we study diret and exhange Coulomb inter-
ations in the zero-energy setor. In Se. IV, formulat-
ing the nanodisk-lead system, we onstrut the eetive
Hamiltonian near the half lling. In Se. V, we investi-
gate the Coulomb blokade in the nanodisk-lead system,
and alulate numerially the oupation number in the
nanodisk and the Coulomb blokade peaks as a funtion
of the hemial potential. Se. VI is devoted to onlud-
ing remarks.
FIG. 1: (a) Geometri onguration of trigonal zigzag nan-
odisks. It is onvenient to introdue the size parameter N in
this way. The 0-trigonal nanodisk onsists of a single Ben-
zene, and so on. The number of arbon atoms is given by
N
C
= N2 +6N +6. (b) Illustration of the nanodisk-lead sys-
tem. A nanodisk is onneted to the right and left leads by
tunneling oupling.
2II. GRAPHENE NANODISKS
Graphene nanodisks are graphene derivatives whih












where εi is the site energy, tij is the transfer energy, and
c†i is the reation operator of the pi eletron at the site
i. The summation is taken over all nearest neighbor-
ing sites 〈i, j〉. Owing to their homogeneous geometrial
onguration, we may take onstant values for these en-




In a previous work
15
, we have investigated the ele-
troni and magneti properties of graphene nanodisks
with various sizes and shapes in quest of zero-energy
states or equivalently metalli states. The emergene of
zero-energy states is surprisingly rare. Among typial
nanodisks, only trigonal zigzag nanodisks have degener-
ate zero-energy states and show metalli ferromagnetism,
where the degeneray an be ontrolled arbitrarily by de-
signing the size.
It is onvenient to introdue the size parameter N for
trigonal zigzag nanodisks as in Fig.1(a). The size-N nan-
odisk has N -fold degenerated zero-energy states15, where
the gap energy is as large as a few eV. Hene it is a good
approximation to investigate the eletron-eletron inter-
ation physis only in the zero-energy setor, by projet-
ing the system to the subspae made of those zero-energy
states.
FIG. 2: The 3 degenerate zero-energy states of the trigonal
nanodisk with size N = 3. The solid (open) irle denotes
that the amplitude ωαi is positive (negative). The amplitude is
proportional to the radius of irle. It is seen that no eletrons
are present in B sites.
Let |fα〉 be the zero-energy state, α = 1, 2, · · · , N . The





where ϕi(x) is the Wannier funtion loalized at the site
i, and ωαi is the probability density to nd an eletron






Diagonalizing the Hamiltonian (2.1), we are able to al-
ulate expliitly the amplitude ωαi for zero-energy states
in the trigonal zigzag nanodisk. All of them are found to
be real. As an example we show them with size N = 3 in
Fig.2, where the solid (open) irles denote the amplitude
ωαi is positive (negative). The amplitude is proportional
to the radius of irle. It is seen that no eletrons are
present on B sites, where the graphene honeyomb lat-
tie is made of A and B sites.
III. ELECTRON-ELECTRON INTERACTIONS
We take two states |fα〉 and |fβ〉, α 6= β, eah of whih
an aommodate two eletrons with up and down spins
at most. The two-state system is deomposed into the
spin singlet χ
S











































d3xd3y f∗α(x)fβ(x)V (x− y)f∗β (y)fα(y),
(3.3b)
where V (x − x′) is the Coulomb potential; f∗α(x)fα(x)
is the eletron number density in the state |fα〉, and
f∗α(x)fβ(x) is the overlap of the wave funtions assoiated
with the two states |fα〉 and |fβ〉. They are interpreted
as the diret and exhange energies.
Applying the above argument to the many-state sys-











Jαβ [4S(α) · S(β) + n (α)n (β)], (3.4)
where n (α) is the number operator and S(α) is the spin
operator,





3with dσ(α) the annihilation operator of eletron with
spin σ =↑, ↓ in the state |fα〉: τ is the Pauli matrix.
Note that we have inluded the on-state Coulomb term
Uααn (α)n (α) in the eetive Hamiltonian (3.4).



























× ϕ∗i (x)ϕj(y)V (x− y)ϕ∗k(y)ϕl(x). (3.6b)
The dominant ontributions ome from the on-site
Coulomb terms with i = j = k = l both for the diret
and exhange energies. We thus obtain










d3xd3y ϕ∗i (x)ϕi(x)V (x− y)ϕ∗i (y)ϕi(y). (3.8)
The nearest neighbor Coulomb interation vanishes sine
there are no eletrons in the nearest neighboring sites:
See Fig.2.
We have numerially alulated Uαβ for nanodisks with
several size N . For the ase of N = 2,
U11 = U22 = 0.145U, U12 = 0.0482U,
whih gives U11/U12 = 3. For the ase of N = 3,
U11 =U22 = 0.0944U, U12 = 0.0315U,
U33 =0.0833U, U13 = U23 = 0.0655U,
whih gives U11/U12 = 3, U13/U12 ≃ 2. For the ase of
N = 4,
U11 =0.0556U, U12 = 0.0228U, U13 = U14 = 0.0435U,
U22 =0.0768U, U23 = U24 = 0.0478U,
U33 =U44 = 0.0934U, U34 = 0.0311U,
whih gives U33/U34 = 3, U13/U12 ≃ 2.
We make some remarkable observations. First, the ex-
hange energy is as large as the diret energy, whih is the
order of a few hundred meV. Thus the spin stiness Jαβ is
quite large, implying that nanodisks are rigid ferromag-
nets. Furthermore, as we have seen numerially, all Jαβ
are the same order of magnitude for any pair of α and β,
implying that the SU(N) symmetry is broken but not so
strongly in the Hamiltonian (3.4). Hene, the zero-energy
setor is desribed by the SU(N) Heisenberg model as a
rough approximation. These fats onrm our previous
result
15
that the relaxation time of the ferromagneti-like
spin polarization is quite large even if the size of trigonal
zigzag nanodisks is very small.
IV. NANODISK-LEAD SYSTEM
We investigate the Coulomb blokade of nanodisks in a
similar way to the ase of onventional quantum dots. We
onsider the system omprised of nanodisks with right
and left onneted leads [Fig.1(b)℄. The Hamiltonian of


























































desribes a noninterating eletron
gas in the leads with ε (k) = ~2k2/2m, while H
T
the
tunneling interation between the leads and the nanodisk
with t
L(R)
the tunneling oupling onstant: We have as-
sumed that the spin does not ip in the tunneling proess.
























|tL|2 + |tR|2, (4.4)
so that the right and left leads are ombined into the
"even" and "odd" leads. The lead Hamiltonian H
L
is

































It looks as if the tunneling ours only between the
"even" lead and the nanodisk.
In the ase of N = 1, the system is redued to the






and hene the physis is well known
21
. However, for a
general ase, it is hard to study the eletroni properties
of the system beause the interation strengths Uαβ take
ompliated values.
Another simple example is given by the system at the
half-lling with N & 2. As we have argued, the ground
state is ferromagnet and the relaxation time is very large
4even though N is small. Based on this fat we simplify
the Hamiltonian (3.4) by assuming that the nanodisk is
a rigid ferromagnet with the spin diretion ↓. Then, only
eletrons with spin ↑ are dynamial within the nanodisk.
We explore the eletri properties of suh a system.
The nanodisk Hamiltonian is desribed only by the















Here, Uαβ stands for the Coulomb energy between the
added up-spin eletron in the state α and the bakground
down-spin eletron in the state β. Thus, εα is the poten-
tial energy inreased when one eletron is added to the
state α.
FIG. 3: (Color online) (a) Illustration of the standard double-
dot system. There is intra-hopping between dots. (b) Il-
lustration of the nanodisk-lead system, where all down-spin
eletrons are lled up in the nanodisk. An up-spin eletron
tunnels from the left lead to one of the states |fα〉 and then
to the right lead.
We rst onsider the ase where one eletron is tun-
nelled from the lead into the nanodisk. Then it is enough
to onsider only the rst term in the Hamiltonian (4.8).
We have numerially alulated εα for some nanodisks.
For N = 2,
ε1 = ε2 = 0.193U. (4.10)
For N = 3,
ε1 = ε2 = 0.191U, ε3 = 0.214U. (4.11)
For N = 4,
ε1 = 0.165U, ε2 = 0.195U, ε3 = ε4 = 0.216U. (4.12)
This Hamiltonian looks similar to that of the N -dot
system. However, there exists a ruial dierene. On
one hand, in the ordinaryN -dot system, an eletron hops
from one dot to another dot [Fig.3(a)℄. On the other
hand, in our nanodisk system, the index α of the Hamil-
tonian runs over the N -fold degenerated states and not
over the sites. Aording to the Hamiltonian (4.2b), an
eletron does not hop from one state to another state
[Fig.3(b)℄. Hene, it is more appropriate to regard our
nanodisk as a one-dot system with an internal degree of
freedom. This fat simplies the analysis onsiderably.
V. COULOMB BLOCKADE IN NANODISK
We investigate the Coulomb blokade in the nanodisk-
lead system. It has been argued that the ondutane is


















where A (α, ε) is the spetral funtion of the nanodisk
system, n
F
(ε) is the Fermi distribution funtion. The
oupling strength Γi is given by
piρ (ε) |ti|2 =
{
Γi for |ε| < D
0 for |ε| > D , (5.2)
where ρ (ε) is the density of state in the lead at energy ε,
whih is almost a onstant within the band limit, |ε| < D.
The spetral funtion is given by the retarded Green
funtion as
A (α, ε) = − 1
pi
ImGR (α, ε) , (5.3)
with
GR (α, t− t′) = −iθ (t− t′) 〈{dα (t) , d†α (t′)}〉 . (5.4)
It exhibits the energy spetrum of the states indexed by
the quantum number α. At the zero-temperature, the








A (α, µ) (5.5)
with µ the hemial potential, where the ondutane is
simply proportional to the sum of the spetral density.
This formula an be interpreted as follows. If there is a
state at the Fermi energy, an eletron an tunnel from the
lead to the nanodisk via the state by ballisti transport.
If not, an eletron needs to go via high energy states with
nite gap.
It is a straightforward task to derive the spetral fun-
tion by employing the standard tehnique
23
, as we de-
sribe in the appendix. Here let us summarize the re-
sult. The spetral funtion is simply given by the sum of
Lorentzians,







(ε− εα)2 + Γ2
+
〈nβ〉Γ
(ε− εα − Uαβ)2 + Γ2
]
. (5.6)
5It has peaks at the energies εα and εα+Uαβ with broad-
ening Γ. The height of the peak at energies εα is propor-
tional to 1−〈nβ〉, and at energies εα+Uαβ is proportional
to 〈nβ〉. The oupation number 〈nβ〉 should be deter-
mined self-onsistently by solving
(N − 1) 〈nα〉 =
∫
dε nF (ε)A (α, ε) . (5.7)
We insert the spetral funtion (5.6) into the above equa-
tion, and obtain the linear equation for 〈nα〉,
























Our task is to solve this equation to determine 〈nα〉.
In order to get an overview of the result, we rst
onsider the atomi limit, whih is the zero tunneling-
oupling limit (t˜ → 0), implying that Γ → 0. The equa-
tions beome very simple and we an obtain analytial
results. This is indeed a good approximation beause Γ
is very small. In this limit the spetral funtion (5.6)
beomes
A (α, ε) =
∑
β 6=α
[(1− 〈nβ〉) δ (ε− εα)
+ 〈nβ〉 δ (ε− εα − Uαβ)], (5.9)
and the self-onsistent equation (5.8) beomes
(N − 1) 〈nα〉 =
∑
β 6=α
[(1− 〈nβ〉) θ (µ− εα)
+ 〈nβ〉 θ (µ− εα − Uαβ)], (5.10)
where θ (x) is the step funtion: θ (x) = 0 for x < 0 and
θ (x) = 1 for x ≥ 0. It is easy to see that 〈nα〉 = 0
if µ < εa, and that 〈nα〉 = 1 if µ > εα+maxβ[Uαβ].
Though the oupation numbers 〈nα〉 are nontrivial in
the other region, it is straightforward to determine them.
We have shown A (α, ε) and 〈nα〉 as a funtion of the
hemial potential µ in Fig.4. For the ase of N = 3,
the rst plateau emerges at ε1 = ε2 < µ < ε3 with
n1 = n2 = 2/3, and the seond plateau emerges at ε3 <
µ < ε1 + U12 with n1 = n2 = n3 = 1/2. For the ase of
N = 4, the rst plateau emerges at ε2 < µ < ε3 = ε4
with n2 = 2/3, the seond plateau emerges at very small
region ε3 = ε4 < µ < ε2 + U12 with n1 = n2 = n3 = 2/5,
and the third plateau emerges at ε2+U12 < µ < ε2+U23
with n2 = 4/5, n3 = 3/10, and so on.
We go on to study the ase with a nite value of the
tunneling oupling. We have alulated numerially the
oupation number 〈nα〉 by solving (5.8), and then the
spetral funtion A (α, ε) by returning it to (5.6). We
show the oupation number and the ondutane at the
zero-temperature in Fig.5.
FIG. 4: (Color online) The oupation numbers 〈nα〉 against
the hemial potential in the ase of ΓL = ΓR = 0. (a) for
N = 3, (b) for N = 4, () for N = 5, and (d) for N = 6. Bold
red lines denote the doubly degenerated oupany, while thin
blue lines denote non-degenerated oupany.
Coulomb blokade peaks appear at µ = εα and µ =
εα + Uαβ , where new hannels open. There are many
peaks beause the symmetry of the interations is low, for
example, U11 6= U12. There would be only two peaks if
the SU(N) symmetry were exat. There are no peaks or-
responding to the energy εα+Uαβ+Uαγ beause we have
negleted the double oupany in the nanodisk state.
It is intriguing that the oupany 〈nα〉 shows a peu-
liar behavior ontaining dips as a funtion of the hemi-
al potential µ. Note that, in the usual Coulomb blok-
ade, a monotoni behavior without dips are found in 〈nα〉
against the hemial potential. The oupany makes a
drasti hange at the energy of the Coulomb blokade
peak.
Let us explain the origin of dips by taking an instane
of the N = 3 nanodisk [Fig.5(a)℄. First, an eletron en-
ters the states |f1〉 or |f2〉 at µ = ε1 = ε2, where all other
up-spin states are empty, as results in the inrease of the
oupany 〈n1〉 = 〈n2〉. Similarly, an eletron enters the
state |f3〉 at µ = ε3 together with the inrease of 〈n3〉.
However, this is aompanied with a dip in 〈n1〉 = 〈n2〉
due to a orrelation eet: An eletron in the state |f3〉
prefers the absene of eletrons in the states |f1〉 and
|f2〉 beause of the Coulomb repulsion, thus dereasing
the oupany 〈n1〉 = 〈n2〉. Next, an eletron enters the
states |f1〉 at µ = ε1 + U12 in the presene of an up-spin
eletron in the state |f2〉, as results in the inrease of
〈n1〉. In this way, the oupany 〈nα〉 shows a sudden
inrease at εα and at εα+Uαβ, and a derease at εβ and
εβ + Uβγ for β 6= α.
It is interesting that the peak at ε1 + U13 is tiny in
Fig.5(a). It is interpreted as follows. The peak ours
when an eletron enters the state |f1〉 in the setting that
the state |f3〉 is already oupied by an up-spin eletron.
6FIG. 5: (Color online) The oupation numbers 〈nα〉 (up-









(lower gure) against the hemial potential, where it is taken
that ΓL = ΓR = 0.001. (a) for N = 3, (b) for N = 4, ()
for N = 5, and (d) for N = 6. Bold red lines denote the
doubly degenerated oupany, while thin blue lines denote
non-degenerated oupany.
Though suh a setting is lassially impossible beause
ε1 < ε3, it an our quantum-mehanially. Hene the
proess generates a tiny peak. Similar peaks are observed
at ε1 + U12 and ε1 + U13 in an instane of the N = 4
nanodisk [Fig.5(b)℄.
In passing we note that the interation strengths εα
and Uαβ an be determined experimentally by measuring
Coulomb blokade peaks.
VI. CONCLUSIONS
We have investigated orrelation eets in the zero-
energy setor of graphene nanodisks onsisting of N
states. We have derived expliitly the diret and ex-
hange interations. It is found that there is no SU(N)
symmetry. We have revealed a novel series of dips in the
oupation number on nanodisk together with Coulomb
blokade peaks in the ondutane as a funtion of the
hemial potential. Dips are argued to emerge due to
a Coulomb orrelation eet. It is interesting that the
interation strengths εα and Uαβ an be determined ex-
perimentally by measuring these peaks.
We have estimated the spin stiness in nanodisks at
the half lling, whih is found to be as large as a few
hundred meV. Thus there exists a strong ferromagneti
oupling in the ground state of nanodisk. The relaxation
time is quite large even if the size is small, and the ground
state an be regarded as a rigid ferromagnet. Hene only
eletrons with spin opposite to the diretion of this fer-
romagneti state an go through the nanodisk. We may
regard the nanodisk-lead system as the spin lter pro-
vided the eletron spin does not ip during the tunneling
proess between the nanodisk and leads.
I am very muh grateful to P. Kim and N. Nagaosa for
many fruitful disussions on the subjet. The work was in
part supported by Grants-in-Aid for Sienti Researh
from Ministry of Eduation, Siene, Sports and Culture
(Nos.070500000466).
APPENDIX A: GREEN'S FUNCTION
We analyze Green's funtion GR (α, t− t′), whih is de-
ned by (5.4). Using the Heisenberg equation of motion,
i~∂tdα (t) = [dα (t) , HD +HL +HT], we nd
(i~∂t − εα)GR (α, t− t′)





β (α, t) +
∑
k
t˜FR (k, t− t′) ,
(A1)
where
GR (α, t− t′) =− iθ (t− t′) 〈{dα (t) , d†α (t′)}〉 , (A2a)
FR (k, t− t′) =− iθ (t− t′) 〈{ck (t) , d†α (t′)}〉 , (A2b)
GRβ (α, t− t′) =− iθ (t− t′)
〈{







Note that we have introdued the notation FR for the
orrelation between the lead and the nanodisk.
We again use the Heisenberg equation of motion to
alulate ∂tF
R (k, t− t′),
(i~∂t − εk)FR (k, t− t′) = t˜∗GR (α, t− t′) . (A3)
Making the Fourier transformations of (A1) and (A3) and
ombining them, we obtain
(
~ω − εα − ΣR (ω)
)
















∣∣∣∣D + ~ωD − ~ω
∣∣∣∣− iΓ
(A5)
is the self-energy, desribing virtual eletron tunneling
between the nanodisk and the lead. The real part gives
a shift of energy, whih is to be used to dene the new
on-state energy
ε′α = εα + ReΣ
R.
However, sine the energy shift is the order of εΓ/D and
small, we may neglet it. The imaginary part, whih is
independent of the band width D, gives the width of the
energy peak.
It is neessary to onstrut GRβ (α, t− t′) to obtain
Green's funtion GR (α, t− t′) by (A4). For this purpose
we again use the Heisenberg equation of motion,
i~∂tG
R
β (α, t− t′) =~δ (t− t′)
〈{





− iθ (t) 〈{− [H,nβ (t) dα (t)] , d†α (t′)}〉 .
(A6)
The ommutator in the last term on the right-hand side
results in the two terms,
[H,nβdα] = [HD, nβdα] + [HT , nβdα] , (A7)
where

















Here we neglet higher-order Green funtions
23,24
. First,
we neglet the last term in (A8a), whih orresponds
to neglet the double oupany states of initial states.
Next, we neglet the last term in (A8b), whih orre-
sponds to neglet spin ips on the nanodisk during the
tunneling proess. In this way we ahieve at
(i~∂t − εα − Uαβ)GRβ (α, t) = ~δ (t) 〈nβ〉+
∑
t˜FRβ (k, t) ,
(A9)
where we have introduee a new funtion,
FRβ (k, t− t′) = −iθ (t− t′)
〈{







Thus the equation of motion for GRβ (α, t) produes a new
funtion.
It is neessary to analyze the equation of motion of
FRβ (α, t), whih leads to the following ommutators,
[H,nβck] =− εkck + [HT , ck] , (A11a)







Again we neglet the last term, whih orresponds to
neglet a spin-ip proess
23,24
. In this way we ahieve at
(i~∂t − εk)FRβ (k, t) = t˜GRβ (α, t) , (A12)
whih no longer produes a new funtion.
Now, (A9) and (A12) make a losed set of the equa-
tion of motions, whih we an solve easily. Making their
Fourier transformations, we obtain
(
~ω − εα − Uαβ − ΣR (ω)
)
GRβ (α, ω) = ~ 〈nβ〉 . (A13)
It follows from (A4) and (A13) that





~ω − εα − ΣR (ω)
+
〈nβ〉
~ω − εα − Uαβ − ΣR (ω)
]
, (A14)
with ε = ~ω. Hene the spetral funtion is given by the
sum of Lorentzians,







(ε− εα)2 + Γ2
+
〈nβ〉Γ
(ε− εα − Uαβ)2 + Γ2
]
, (A15)
whih is (5.6) in text.
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